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1. INTRODUCTION AND STATEMENT OF THE RESULTS
 .A Lorentzian manifold is a couple M , g , where M is a smooth
connected finite-dimensional manifold, and g is a Lorentzian metric, i.e., a
 .  .w xsmooth 0, 2 symmetric tensor field, such that for any z g M g z ?, ? is a
nondegenerate scalar product on the tangent space T M having index 1z
 w x .see 17 for more details .
Interest in the study of Lorentzian manifolds relies on the fact that the
models of general relativity are four-dimensional Lorentzian manifolds,
also called space-times.
In the study of the geometry of a Lorentzian manifold, geodesic curves
play an important role.
 .DEFINITION 1.1. Let M , g be a Lorentzian manifold; a smooth curve
x wg : a, b ª M is called geodesic if
D g s 0, 1.1 .Çs
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TRAJECTORIES ON SPACE-TIMES 15
where g is the tangent field along g , and D g is the covariant derivative ofÇ Çs
g along g with respect to the metric g.Ç
x wIt is well known that if g : a, b ª M is a geodesic, there exists a real
 . x wconstant E g , such that for any s g a, b ,
E g s g g s g , g . .  . . Ç Ç
Then g is called
timelike if E g - 0; .
lightlike if E g s 0; .
spacelike if E g ) 0. .
This tripartition is called causal character of geodesics, and its terminology
comes from general relativity. Indeed a timelike geodesic represents the
world-line of a free falling particle and a lightlike geodesic represents light
rays, while spacelike geodesics have no physical meaning, because a
particle should be faster than light.
In this paper, we shall concern ourselves with the class of static space-
times.
  :.DEFINITION 1.2. Let M , ? , ? be a connected Riemannian manifold,0
 :and set M s M = R. A static Lorentzian metric ? , ? on M is defined inL0
the following way: there exists a smooth positive function b : M ª R,0
 .  .  .such that for any z s x, t g M , and for any z s j , t , z 9 s z 9, t 9 g
T M s T M = R:z x 0
 :  :z , z 9 s j , j 9 y b x tt 9. 1.2 .  .L
  : .The couple M , ? , ? is called a static Lorentzian manifold.L
Some of the most physically interesting space-times are static, for
example, Minkowski Schwarzschild and Reissner]Nordstrom space-timesÈ
 w x.see 11 .
 .   .  ..It is not difficult to show that a smooth curve z s s x s , t s is a
geodesic if and only if it satisfies the system of nonlinear second-order
differential equations
1
2Ç= x q t =b x s 0 .Çs 2
1.3 .d
Çb x t s 0, . .
ds
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where = is the covariant derivative with respect to the Riemannian metrics
 :  .  .? , ? and =b x is the gradient of the scalar field b x with respect to
 :? , ? .
We shall study the existence of periodic trajectories in static Lorentzian
manifolds.
  :DEFINITION 1.3. Let M , ? , ? be a static Lorentzian manifold andL
 .   .  .. w xlet T ) 0. A T-periodic trajectory is a geodesic z s s x s , t s : 0, 1 ª
M , satisfying the properties
x 0 s x 1 , t 0 s 0, t 1 s T , .  .  .  .
Ç Çx 0 s x 1 , t 0 s t 1 . .  .  .  .Ç Ç
 .   .  ..Remark 1.4. A T-periodic trajectory z s s x s , t s is called non-
 .  .trivial if x s is not a constant curve. By 1.3 we have that a curve
 .   ..  .z s s x , t s is a trivial T-periodic trajectory if and only if t s s Ts0
  . .and x is a critical point of b i.e., =b x s 0 .0 0
 w x.Remark 1.5. It is not difficult to show see also 2 , that two distinct
trajectories z and z are geometrically distinct, that is they have different1 2
support.
The problem of the existence of T-periodic trajectories on a static
w xLorentzian manifold was first faced in 1 , where the existence of a
timelike trajectory for a static metric on RNq1 was proved; other results on
Nq1 w xthe existence of timelike trajectories on R have been obtained in 2
w x for static metrics and 8 for stationary metrics see such paper for the
.definition stationary metric .
The existence for a timelike trajectory for a time-dependent Lorentzian
Nq1 w x w xmetric in R has been studied in 9, 15, 13 . In 2, 10 is studied the
multiplicity of T-periodic trajectories for a static Lorentzian manifold,
when M is compact. Such trajectories can be also spacelike. Such multi-0
plicity results have been extended to the case in which M is noncompact0
w x  w xand can have boundary in 3 see 12 for analogous results in the
.stationary case . Such results allow to prove the existence of infinitely
many trajectories for a class of metrics, like Schwarzschild and
Reissner]Nordstrom space-times.È
In this paper we shall prove some multiplicity of trajectories in static
 .space-times with M noncompact possibly with boundary , by making0
quite different assumptions on the Lorentzian metric. Such assumptions
are satisfied by the Schwarzschild and Reissner]Nordstrom space-times.È
We first recall some notations on Riemannian manifolds. Let M ,0
 :.  .? , ? be a Riemannian manifold; we denote by d ?, ? the distance
 .induced on M by the metric. Moreover, let R ?, ? ? be the curvature0
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tensor associated to the metric. For any x g M we set0
 4K x s sup K : p ; T M , . p x 0
where K is the sectional curvature of the 2-dimensional plane p seep
w x.17 . Finally, let f : M ª R; the Hessian of f at the point x g M is the0 0
bilinear form
H x : T M = T M ª R, .f x 0 x 0
such that, for any ¨ g T M ,x 0
2d f g s . .w xH x ¨ , ¨ s , .f 2ds ss0
 .  .where g is the geodesic, such that g 0 s x, g 0 s ¨.Ç
We first consider the case in which the M has no boundary and is0
 :complete for the Riemannian metric ? , ? . We have the following result.
  : .THEOREM 1.6. Let M , ? , ? be a static Lorentzian manifold, withL
M s M = R, and assume that M is noncompact and noncontractible in0 0
itself. Assume that:
 .  :i ? , ? is a complete Riemannian metric on M ;0
 .  .ii there exist two constants 0 - n F M we set for simplicity M s 1 ,
such that
n F b x F 1, ; x g M ; . 0
 .  .iii lim sup K x F 0;d x, x .ªq`0
 .  .w xiv lim sup H x ¨ , ¨ F 0, uniformly in ¨ g T M ;d x, x .ªq` b x 00
 .v there exists a field F and infinitely many q g N, such that
 4H L M , F / 0 , . .q 0
 .where L M is the space of continuous free loop space on M , equipped with0 0
  . .the compact-open topology, and H L M , F denotes the qth singularq 0
homology group with coefficients in the field F.
Then, for any T ) 0, there exist infinitely many, geometrically distinct,
nontri¨ ial T-periodic trajectories.
Assumptions of Theorem 1.6 are quite different from those of the
w x w xanalogous results of 3 . Indeed, in 3 the existence of a smooth function V
on M , which is convex outside a compact subset, is assumed. By using the0
flow of the gradient vector field =V, it is proved that the manifold M is0
homotopically equivalent to a compact manifold. Then the results of the
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compact case can be extended by using the Ljusternik]Schnirelmann
critical point theory.
 .  .In Theorem 1.6, assumptions iii and iv allow us to get directly the
existence of infinitely many trajectories by estimating the Morse index of
 .  .the critical points of a suitable functional. Assumptions iii and iv seem
to be more intrinsic because they require the metric itself. The Morse
w xtheory approach has been already used in 5 to study the existence of a
closed geodesic on a noncompact Riemannian manifold.
w x  .Remark 1.7. By a result of 21 , assumption v is always satisfied if M0
is simply connected and homotopically equivalent to a compact manifold.
Unfortunately Theorem 1.6 cannot be applied to obtain the existence of
infinitely many trajectories for the Schwarzschild and Reissner]NordstromÈ
 .  .space-times, because they do not satisfy assumptions i and ii .
The Schwarzschild space-time is the Lorentzian manifold M s M = R,0
where
3 < < 4M s x g R : x ) 2m ,0
equipped with the static Lorentzian metric, given in polar coordinates
 .r, u , f by
1
2 2 2 2 2 2 2ds s dr q r du q sin u df y b r dt , 1.4 .  . .
b r .
where
2m
b r s 1 y . .
r
Physically, the Schwarzschild space-time represents the empty space-time
outside a spherically symmetric massive body of total mass m. The metric
 .  41.4 is singular on the boundary r s 2m = R; however, such singularity
is due to the choice of the coordinates, and the Schwarzschild metric can
 w x.be isometrically embedded in the Kruskaal space-time see 11 . The
image of the Schwarzschild space-time in the Kruskaal space-time is a
static Lorentzian manifold with nonsmooth boundary. Moreover, the
 .Riemannian metric induced on M is noncomplete and b r ª 0 near the0
boundary. Hence we cannot directly apply the results of Theorem 1.6. A
similar situation holds for the Reissner]Nordstrom space-time.È
We recall that the Reissner]Nordstrom space-time describes th emptyÈ
space outside a spherically symmetric charged body of mass m and electric
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charge e. In polar coordinates, the Reissner]Nordstrom metric is given byÈ
 .1.4 , with
2m e2
b r s 1 y q . . 2r r
Whenever m ) e, the Reissner]Norstrom metric is static on the manifoldÈ
2 2’M s M = R s r , u , f : r ) m q m y e = R. . 40
As in the Schwarzschild space-time, M has a boundary, the Riemannian0
 .metric induced on M is noncomplete, and b r ª 0 near the boundary0
2 2’ . 4­ M s r, u , f : r s m q m y e = R.
Also in this case, the Reissner]Nordstrom space-time can be embeddedÈ
in a larger space-time, and the image has a nonsmooth boundary.
In order to study geodesics on static Lorentzian manifolds, having
nonsmooth boundary, we recall the definition of static Lorentzian mani-
w xfolds with convex boundary introduced in 3 .
DEFINITION 1.8. Let M be an open subset of a Lorentzian manifold L ,
and ­ M its topological boundary. M is said to be a static Lorentzian
manifold with con¨ex boundary if
 .i M s M = R is a static Lorentzian manifold;0
 .  .ii sup b x - q`;x g M0
 . 2 q  4.iii there exists f g C M , R _ 0 , such that
lim f x , t s 0, .
 .x , t ªzg­ M
f x , t s f x , 0 s f x , ; x , t g M ; .  .  .  .
 .   . 4iv for every h ) 0, the set x g M : f x G h is complete with0
respect to the Riemannian metric on M ;0
 .v there exist positive constants N, M, n , and d , such that the
 .function f of iii satisfies the properties
 :z g M , f z F d « N G = f z , = f z G n , .  .  .L L L
 :w xz g M , f z F d « H z ¨ , ¨ F M ¨ , ¨ ? f z , ;¨ g T M . .  .  .Lf z
w xIn 4 , it is proved that the Schwarzchild and Reissner]NordstromÈ
space-times are static Lorentzian manifolds with convex boundary. The
w xtechniques used to prove Theorem 1.6 and the estimates obtained in 4
allow us to prove the following.
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  : .THEOREM 1.9. Let M , ? , ? be a static Lorentzian manifold withL
 .  .con¨ex boundary, satisfying assumptions iii ] v of Theorem 1.6, such that
M is noncompact and noncontractible.0
Then, for any T ) 0, there exist infinitely many nontri¨ ial, geometrically
distinct T-periodic trajectories on M.
w xThe proof of Theorem 1.9 is a combination of the results of 3 and of
Sections 3 and 4, and it will be omitted.
In Section 5, we shall see that Schwarzschild and Reissner]NordstromÈ
spacetimes verify all the assumptions of Theorem 1.9, and we obtain a new
proof on the existence of infinitely many trajectories for such space-times.
Since of their physical meaning, it would be interesting to study the
existence of timelike or lightlike T-periodic trajectories. Since the coeffi-
 .cient b r of the Schwarzschild and Reissner]Norstrom space-times hasÈ
 .no critical points so there exist no trivial T-periodic trajectories , we can
prove the following result.
 .COROLLARY 1.10. Let N T denote the number of the timelike T-periodic
 .trajectories of the Schwarzschild or Reissner]Nordstrom space-time. Then,È
lim N T s q`. 1.5 .  .
Tª`
Finally, using a version of the classical Fermat principle of optics,
w xadapted to stationary Lorentzian manifolds, proved in 7 , the existence of
 .  w x.a sequence T , T ª q`, has been recently provided see 6 , suchm mg N m
that for any m g N, there exists a lightlike T -periodic trajectory, both form
Schwarzschild and Reissner]Nordstrom space-times.È
2. SOME PRELIMINARY RESULTS
 .Consider a static Lorentzian manifold see Deifnition 1.2 ; by the
 w x.well-known Nash embedding theorem see 16 , the Riemannian manifold
M is isometric to a submanifold of RN, with N sufficiently large, equipped0
with the metric induced by the Euclidean metric in RN. For this reason, in
N  :the following we shall assume that M is a submanifold of R and ? , ?0
is the Euclidean metric.
The proof of Theorems 1.6 and 1.9 is based on a variational argument.
Indeed T-periodic trajectories are the critical points of the action integral
1 11 1 2Ç :  :f z s z s , z s ds s x s , x s y b x s t ds, .  .  .  .  .  . .Ç Ç Ç ÇH HL2 20 0
2.1 .
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defined on the infinite-dimensional manifold
Z s L1 M = H 1, 2 0, T , .  .0
where
1 <w xL M s x : 0, 1 ª M x is absolutely continuous, .0 0
1 :x s , x s ds - q`, x 0 s x 1 , .  .  .  .Ç ÇH 5
0
and
1, 2 <w xH 0, T s t : 0, 1 ª R t is absolutely continuous, . 
1 2Çt ds - q`, t 0 s 0, t 1 s T . .  .H 5
0
1 .It is well known that L M is a Hilbert submanifold of the Sobolev space0
 w x.see 20
1, 2 1 N N <w xH S , R s x : 0, 1 ª R x is absolutely continuous, . 
1 :x s , x s ds - q`, x 0 s x 1 . 2.2 .  .  .  .  .Ç ÇH 5
0
1 . 1 .For any x g L M , the tangent space T L M is0 x 0
1 1, 2 1 N w xT L M s j g H S , R : j s g T M , ;s g 0, 1 . 2.3 .  .  .  . 4x 0 x s. 0
1 .We equip L M with the following Riemannian structure. For any0
1 . 1 .x g L M , j g T L M ,0 x 0
1 :  :  :j , j s = j , = j ds q j 0 , j 0 , 2.4 .  .  .0 H s s
0
where = j is the covariant derivative of j along x by the Nash theorems
Ç .  . .= j s is the orthogonal projection of j s on T M .s x s. 0
It is not difficult to show that the completeness of M implies the0
1 . 1, 2 .completeness of L M . Moreover, H 0, T is a closed affine submani-0
fold of the Sobolev space
1, 2 w x w xH 0, 1 , R s t : 0, 1 ª R: t is absolutely continuous, . 
1 2Çt ds - q` , 2.5 .H 5
0
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1, 2 .and for any t g H 0, T , the tangent space is
1, 2 w x 1, 2 w xH 0, 1 , R s t g H 0, 1 , R : t 0 s t 1 s 0 . 4 .  . .  .0
Hence Z is equipped with the complete Riemannian structure
1 2 :  : Çz , z s j , j q t ds, 2.6 .1 0 H
0
 .  . 1 .for all z s x, t g Z and for all z s j , t g T Z s T L M =z x 0
1, 2w x .H 0, 1 , R .0
 .The search of the critical points of the action integral 2.1 presents
some difficulties. First, f is strongly indefinite and the Morse index of its
critical points is q`. Moreover, because of the noncompactness of M0
 .and of the periodic nature of the problem, 2.1 does not satisfy the
well-known Palais]Smale condition. We overcome the first problem by
w xusing a variational principle proved in 2 , which reduces the search of
the critical points of f to the same problem for a suitable functional
1 . 1 .J: L M ª R, defined only on L M . Indeed, set0 0
1 T 2 11 :J x s x s , x s ds y ? ; 2.7 .  .  .  .Ç ÇH 12 2 H 1rb x ds . .0 0
 w x.then the following theorem holds see 2 .
 .THEOREM 2.1. Let z s x, t g Z, then the following propositions are
equi¨ alent:
 .  .a z is a critical point of f , i.e., f 9 z s 0;
 .  .  .b i x is a critical point of J, i.e., J9 x s 0,
 .ii t satisfies the Cauchy problem
d
Çb x t s 0 .
ds
t 0 s 0. .
 .  .  .  .Moreo¨er, if a or b is true, f z s J x .
As we shall see in Section 3, J is bounded from below and the Morse
indexes of its critical points are finite. However, since M is not compact,0
J does not satisfy the Palais]Smale condition.
DEFINITION 2.2. Let X be a Riemannian manifold modelled on a
1 .Hilbert space and let I g C X, R . We say that I satisfy the Palais]Smale
 .condition if every sequence x such thatm mg N
I x is bounded, .m mgN
5 5I9 x ª 0, .m
contains a converging subsequence.
TRAJECTORIES ON SPACE-TIMES 23
We state now a critical point theorem, due essentially to C. Viterbo for
 w x.a smooth functional on a Hilbert manifold see 22, 5 . First we recall the
notion of Morse index and augmented Morse index of a critical point.
DEFINITION 2.3. Let f : X ª R a C 2-functional defined on a Hilbert
 .manifold, x a critical point of f , and H x : T X = T X ª R the0 f 0 x x0 0
 .Hessian of f at x . The Morse index m x , f of f at x is the maximal0 0 0
 .dimension of a subspace of T X where H x is negative definite.x f 00
 .Moreover, the augmented Morse index m* x , f is the maximal dimen-0
 .sion of a subspace of T X where H x is semidefinite negative.x f 00
THEOREM 2.4. Let X be a complete Riemannian manifold modelled on a
Hilbert space, I: X ª R a smooth functional, bounded from below satisfying
 .  .PS and such that for any critical point x of I, the Hessian I0 x defines a
Fredholm operator of index 0. Let q g N and F be a field such that the
 .homology group H X, F is nontri¨ ial and setq
 4G s A ; X : i# H X , F / 0 , 2.8 .  . 4 .q q
where i# is the induced map in homology by the inclusion i: A ª X. Then,
there exists a critical point x for I, corresponding to the critical ¨alue0
c s inf sup I A 2.9 .  .
A;Gq
and satisfying
m x , I F q F m* x , I . 2.10 .  .  .0 0
Theorem 2.4 will be applied to finding critical points of suitable pertur-
bations of the functional J. A priori estimates of such critical points will
allow us to get the existence of a critical point of J and, by Theorem 2.1, a
T-periodic trajectory.
3. THE PENALIZATION ARGUMENT
  ..In the last section, we have seen that the action integral f see 2.1 and
  ..  .the functional J see 2.7 do not satisfy PS , because of the noncompact-
ness of M and the periodic nature of the problem. For this reason we0
 .perturb f and J with a family of smooth functionals, satisfying PS , for
which Theorem 2.4 can be applied, getting critical points of the penalized
functionals. In the next section, a priori estimates for such critical points
will be proved, in order to get critical points for J and f. Let U g
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2 q.C M , R , such that0
lim U x s q`, 3.1 .  .
 .d x , x ªq`0
2 q q.and consider, for any « ) 0, a smooth function c g C R , R , such that«
1
c t s 0, if t F , .« « 3.2 .
lim c t s q`. .«
tªq`
Finally we set, for any « ) 0,
U x s c U x . 3.3 .  .  . .« «
For any « ) 0 consider the functionals
f z s f z q U x 0 , .  .  . .« «
J x s J x q U x 0 . 3.4 .  .  .  . .« «
It is easy to see that f and J are smooth. Moreover, since the penaliza-« «
tion term does not depend on t, the statement of Theorem 2.1 holds with f
and J replaced respectively by f and J . Using a boot-strap argument, the« «
critical points of J and f are smooth.« «
 .Remark 3.1. For any z g Z,z s j , t g T Z, the differential at z ofz
f is given by«
1X X :w xf z z s D z , z ds q U x 0 j 0 , 3.5 .  .  .  . .ÇH L« s «
0
X .where U x is the differential of U at x. Choosing tangent vectors such« «
 .that j 0 s 0 we see that z satisfies the geodesic equation D z s 0, evenÇs
 .  .if z is not necessarily closed, because in general z 0 / z 1 .Ç Ç
 .Remark 3.2. By the form of the penalization and 3.1 we easily have
the following fact: for any « ) 0, let x be a critical point of J , and« «
assume that
w xsup d x s , x , « ) 0, s g 0, 1 - q`. 3.6 4 .  . .« 0
Then for « small enough, x is a critical point of J.«
 .We show now that J is bounded from below and satisfies PS .«
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 .  .PROPOSITION 3.3. Assume that i and ii of Theorem 1.6 hold. Then,
 .a J is bounded from below;«
 .  .b J satisfies PS .«
 .  .Proof. a This easily follows from ii and from the positivity of U .«
 .  4 1b Let x be a sequence in L such thatm mg N
J x is bounded 3.7 4 .  .« m mgN
and
XJ x ª 0. 3.8 .  .« m
 .  .Since U x G 0 on M and b is bounded, by 3.7 we have« 0
1 :x s , x s ds is bounded independently on m. 3.9 .  .  .Ç ÇH m m
0
 .  .Moreover, by virtue of 3.1 and 3.7 , there exists a positive constant M,
independent of m, such that
w xsup d x s , x , s g 0, 1 , m g N F M , 3.10 4 .  . .m 0
where x g M is a fixed point. Therefore, to consider a subsequence,0 0
there exists x g L1 such that
1, 2 w x Nx ª x weakly in H 0, 1 , R . 3.11 . .m
1, 2w x N . 0w x N .  .Since H 0, 1 , R is compactly embedded in C 0, 1 , R , by 3.11 we
have
0 w x Nx ª x strongly in C 0, 1 , R . 3.12 . .m
 .To prove PS , it remains to see that
1, 2 w x Nx ª x strongly in H 0, 1 , R . 3.13 . .m
To this end, for any x g M let0
P x : RN ª T M , . x 0
Q x : RN ª T M H , . x 0
be respectively the projections on T M and T M H , and set, for anyx 0 x 0
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w xm g N and s g 0, 1 ,
j s s P x s x s y x s , .  .  .  . .m m m
n s s Q x s x s y x s . .  .  .  . .m m m
w xIt is well known, see for instance 14 , that
x s y x s s j s q n s , 3.14 .  .  .  .  .m m m
j s g T L1 M , 3.15 .  .  .m x 0m
j ª 0, weakly in H 1, 2 S1 , RN , 3.16 .  .m
n ª 0, strongly in H 1, 2 S1 , RN . 3.17 .  .m
 .  .Then, by 3.8 , denoting by o 1 an infinitesimal sequence, we have
1X Ç :w xo 1 s J x j s x , j ds .  . ÇH« m m m m
0
2  :1 T =b x , j .1 m mq dsH2 212 b x .0 mH 1rb x ds . . .0 m
Xq U x 0 j 0 . 3.18 .  .  . .« m m
 .Now, since the sequence x is uniformly converging, and the se-m mg N
 .   ..quence j uniformly converges to 0 because of 3.16 , we havem mg N
2  :1 T =b x , j . .1 m m
o 1 s ds . H2 212 b x .0 mH 1rb x ds . . .0 m
Xq U x 0 j 0 ; 3.19 .  .  . .« m m
 .hence, from 3.18 we obtain
1 Ç :o 1 s x , j ds. 3.20 .  .ÇH m m
0
 .Moreover, from 3.19 we obtain
1 1Ç Ç Ç :  :o 1 s x , j ds s x q j q n , j ds. 3.21 .  .Ç Ç ÇH Hm m m m m
0 0
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 .  .  .Finally, from 3.21 , 3.16 , and 3.17 , we get
1 Ç Ç :o 1 s j , j ds. 3.22 .  .H m m
0
 .  .From 3.16 and 3.22 , we deduce that
1, 2 w x Nj ª 0, strongly in H 0, 1 , R , .m
 .  .and, from 3.11 and 3.14
1, 2 w x Nx ª x , strongly in H 0, 1 , R , .m
concluding the proof.
From Theorem 2.4 and Proposition 3.3, we get the following result on
the existence of critical points for the perturbated functional.
PROPOSITION 3.4. Let
 4S s q g N H L M , F / 0 ; 3.23 .  . . 5q 0
then, for any « ) 0, q g S, there exists a critical point x of J , such that« , q «
m x , J F q F m* x , J . 3.24 . .  .« , q « « , q «
x xMoreo¨er, there exists a constant M , independent of « g 0, « , « ) 0, suchq 0 0
that
J x F M . 3.25 .  .« « , q q
Proof. By Proposition 3.3, in order to apply Theorem 2.4 to the
Y .functional J , it suffices to prove that J x is a Fredholm operator of« «
1 .index 0, for any critical point x of J . Indeed, for any x g L M ,« 0
1 .j g T L M we havex 0
Y w x w xJ x j , j s J0 x j , j q H x 0 j 0 , j 0 , 3.26 .  .  .  .  .  . .« U«
 .where H x denotes the Hessian of U at x.U ««
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 w x.Moreover by using standard arguments see also 14 , we have
1  :w x  :J0 x j , j s = j , = j y R j , x x , j ds .  .Ç ÇH s s « «
0
2 w xT 1 H x j , j .1 b «y dsH2 21 2 b x .0 «H 1rb x s ds . . . .0 «
2 21 2 :  :H =b x , j rb x ds =b x , j .  .  . . . 10 « « «q y ds , 3.27 .H1 3H 1rb x s ds b x .  . . . 00 « «
 .w x  :where R ?, ? ? is the curvature tensor of the Riemannian metric ? , ?
 .and H x denotes the Hessian of b at x.b
1, 2 1 N . 2 1 N .Since H S , R is compactly embedded in L S , R , from
 .  . Y .3.26 ] 3.27 it follows that J x is a compact perturbation of the scalar«
 . 1 . Y .product 2.4 on T L M ; hence J x defines a Fredholm operator ofx 0 «
1 .  .index 0. Moreover, since L M and L M are homotopically equivalent0 0
 w x. 1 .  .see 18, 19 , the nontrivial homology groups of L M and L M with0 0
respect to a field are the same. Hence, for any « ) 0 and q g S, there
 .  .exists a critical point x satisfying 3.24 . In order to prove 3.25 , since« , q
the singular homology has compact support, there exists a compact subset
  ..  . x xK g G see 2.8 ; then by 2.9 we have for any « g 0, « ,q 0
J x F sup J K F sup J K s M . .  .  .« , q « , q « « q0
4. PROOF OF THEOREM 1.6
By Proposition 3.4, we have the existence of critical points for the
penalized functionals. In order to get the proof of Theorem 1.6, we need
some a priori estimates for such critical points, which allow us to apply
Remark 3.2 and find critical points of J. Since we have to find nontrivial
trajectories, we need some estimate which ensure that the critical points
found in Proposition 3.4 are nonconstant curves. As we will show, the
augmented Morse index of a trivial critical point of J is bounded from«
above, for any « ) 0. Indeed, we have the following.
PROPOSITION 4.1. There exists Q g N such that, for any « ) 0 and for1
 .any x g M such that the constant loop x s ' x is a critical point of J , we0 0 0 0 «
ha¨e
m* x , J F Q . 4.1 .  .0 « 1
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 . Proof. Assume that x s ' x is a critical point of J ; then see0 0 «
.  .  .  .Theorem 2.1 z s s x , Ts is a critical point of f , and z s satisfies the0 «
geodesic equation for the Lorentzian metric. By Remark 1.4, x is a0
 . 1 .critical point of b ; hence, by 3.26 , for any j g T L M , we havex 00
T 21 1Y  : w xJ x s = j , = j ds y H x j , j ds .  .H H« 0 s s b 020 0
q H x j 0 , j 0 . 4.2 .  .  .  .U 0«
 .In order to prove 4.1 , we have to evaluate the augmented index of the
 .form 4.2 . Notice that, since x is a constant curve, choosing an orthonor-0
 4 1mal basis e , . . . e , n s dim M , of T M , the tangent pace T L is1 n 0 x 0 x0 0
given by
n
1 i i 1, 2 1 NT L s j s ¨ s e : ¨ s s ¨ s g H S , R 4.3 .  .  .  .  . .x i0  5
is1
 w x.and, by the definition of covariant derivative along a curve see 17, p. 66 ,
n
i= j s ¨ s e . .Çs i
is1
In other words,
T L1 M ' H 1, 2 S1 , T M , .  .x 0 x 00 0
1 .the covariant derivative is equal to the usual derivative, and T L M isx 001, 2 1 n.  .isometric to H S , R . Hence, the augmented Morse index of 4.2 is
1, 2 1 n.equal to the index of the quadratic form defined on H S , R ,
2T1 12 i j i j< <a ¨ , ¨ s ¨ ds y H x ¨ , ¨ ds q H x ¨ 0 , ¨ 0 . : .  .  .  .  .ÇH H b 0 U 0«20 0
4.4 .
1, 2 1 n.  .Equip H S , R with the scalar product analogous to 2.4 , i.e.,
1 :  :  :¨ , w s ¨ , w ds q ¨ 0 , w 0 ; 4.5 .  .  .Ç Ç1 H
0
1, 2 1 n.then H S , R admits the orthogonal decomposition with respect to
 .4.5 ,
1, 2 1 n n 1, 2 w x nH S , R s R [ H 0, 1 , R , 4.6 .  . .0
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where Rn is identified with the constant loops, and
1, 2 w x n 1, 2 w x nH 0, 1 , R s ¨ g H 0, 1 , R : ¨ 0 s ¨ 1 s 0 . 4 .  . .  .0
2w x n.Consider the self-adjoint realization L in L 0, 1 , R of the operator
¨ ª L ¨ s y¨ . . È
 .It is well known that the spectrum of L consists of a sequence lm mg N
of eigenvalues, counted with their multiplicity. Let e be an eigenvectorm
 4relative to l and let H be the span of e , . . . , e ; thenm m 1 m
1, 2 w x n HH 0, 1 , R s H [ H . 4.7 . .0 m m
Now let m g N be such that
LT 2
l ) , 4.8 .m 2
where
< <w xL ' sup H x j , j : x g M , j g T M , j s 1 . . 4b 0 x 00
 .  . H < <By 4.4 and 4.8 , for any ¨ g H , ¨ s 1, we havem
T 2 LT 21 12i i j< <a ¨ , ¨ s ¨ ds y H x ¨ , ¨ ds G l y ) 0. : .  .ÇH H b 0 m2 20 0
4.9 .
Hence a is positive defined on H H . Then the augmented index of a is lessm
than n q m so, choosing Q s n q m, which is independent of x and « ,1
 .we obtain 4.1 .
Now we shall prove an a priori estimate for the uniform norm of a
 .family x of critical points of J . First we need the following lemma.« « ) 0 «
LEMMA 4.2. For any « ) 0, let x be a critical point of J and let« «
 .z s x , t be the corresponding critical point of f . Assume that there exists« « « «
 .a constant M independent of « , such that
J x F M . 4.10 .  .« «
Then, there exists a constant M , such that1
5 5x F M , 4.11 .Ç `« 1
5 5   .  .:where x s sup x s , x s .Ç Ç Ç`« sgw0, 1x « «
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Proof. By Remark 3.1, z is a geodesic; hence there exists a constant«
w xE such that, for any s g 0, 1«
Ç2 :E s x s , x s y b x s t s . .  .  .  . .Ç Ç« « « « «
Integrating, we have
1 2 : ÇE s x , x y b x t ds s 2 f z s 2 J x F 2 M . 4.12 .  .  .  .Ç ÇH« « « « « « « « «
0
 .By ii of Theorem 2.1, there exists a constant c such that
c
Çt s . 4.13 .
b x .«
 .  .Since t 0 s 0 and t 1 s T , we have
y111
c s T ds . 4.14 .H /b x .0 «
 .  .By 4.14 and 4.12 , we get
y22 2T 1 T
 :x , x s E q F 2 M q s M ,Ç Ç« « « 11 /b x nH 1rb x ds .  . .« 0 «
 .where n is defined in ii of Theorem 1.6.
PROPOSITION 4.3. Let q ) 2n and, for any « ) 0, let x be a critical«
 .  .point of J , such that 4.10 and 3.24 hold. Then«
w x x xsup d x s , x : s g 0, 1 , « g 0, 1 - q`. 4.15 4 .  . .« 0
Proof. Let x be a critical point of J and let« «
W x s w g T L1 : w 0 s 0 . 4.16 .  .  . 4« x«
 .By 2.4 we have
H 1 w xW x s ¨ g T L : == ¨ s 0, for any s g 0, 1 , ¨ 0 s ¨ 1 . .  .  . 4« x s s«
4.17 .
Since the space of the solutions of the system of differential equations
== ¨ s 0s s
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has dimension 2n, we have
Hdim W x F 2n. 4.18 .  .«
 .Now, in order to prove 4.15 , assume by contradiction that there exist
 .  .« ª 0 and a critical point x of J ' J , satisfying 4.10 and 3.24 andm m m « m
w xsup d x s , x , s g 0, 1 ª q`. 4.19 4 .  . .m 0
w xsg 0, 1
 .By 4.10 there exists a suitable constant N such that
1  :x , x ds F N. 4.20 .Ç ÇH m m
0
 .  .So by 4.19 and 4.20 we have
inf d x s , x ª q`. 4.21 .  . .m 0
w xsg 0, 1
 . 5 5 w xNow, let j g W x , j s 1 and let, for any s g 0, 1 and m g N,0m
 .   .  .4p m, s : T M be the plane generated by x s , j s . Moreover, letÇx s. 0 m
 .  .K m, s be the sectional curvature of p m, s , with the convention that
 .  .  .K m, s s 0, if x s and j s are linearly dependent.Çm
 .  .  .By assumptions iii and iv of Theorem 1.6 and 4.21 , there exists an
 .  .infinitesimal sequence d , such that for any j g W x and s gm mg N m
w x0, 1 ,
K m , s F d , H x s j s , j s F d . 4.22 .  .  .  .  . .m b m m
 .  .  .Then, from 4.16 , 3.26 , 3.27 , and the Holder inequality, for any j gÈ
 .W x , we obtainm
1Y  :w xJ x j , j G = j , = j ds . Hm m s s
0
1 2 : :  :y K m , s x , x j , j , y x , j ds . Ç Ç ÇH  .m m m
0
21 T 1 w xy H x j , j ds, .H b m /2 n 0
 .  .and by Lemma 4.2 and 4.22 , for any j g W x ,m
21 T1 1 2Y  : < <w xJ x j , j G = j , = j ds y d M q j ds. . H Hm m s s m 1  / /2 n0 0
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 .On the other hand, by the Poincare inequality, for any j g W x , weÂ m
 w x.have see also 5 ,
11 1 2 : < <= j , = j ds G j ds,H Hs s 40 0
 .so for any j g W x , we obtainm
21 1 T 1 2< <w xJ0 x j , j G y d M q j ds. . Hm m 1  / /4 2 n 0
 .  .So, by 4.22 , for any m sufficiently large and for any j g W x we getm
Y w xJ x j , j ) 0, ;j g W x ; .  .m m m
hence, for m sufficiently large,
Hm* x , J F dim W x F 2n , .  .m m m
 .in contradiction with 3.24 , because q ) 2n.
 4   ..Proof of Theorem 1.6. Let Q s max Q , 2n see 4.1 . Fix q g S,1 1
 .q ) Q, where S has been defined by 3.23 . By Proposition 3.4, for any1
 .  .« ) 0, there exists a critical point x of J , such that 3.24 and 3.25« , q «1
hold. By Proposition 4.1, x is not a constant loop, while by Proposition«
 .4.3, 4.15 holds. Hence, by Remark 3.2, for « small enough we get that
x is a critical point x of J, corresponding to a T-periodic trajectory.« , q q1 1
Moreover,
m x , J s m x , J F q F m* x , J s m* x , J . .  .  .  .q q « 1 q q «1 1 1 1
 .Now let q g S, q ) m* x , J . With the same argument used to find x ,2 2 q q1 1
we get the existence of a T-periodic trajectory, corresponding to a nontriv-
ial critical point x of J, such thatq2
m x , J F q F m* x , J . .  .q 2 q2 2
Moreover, x is distinct from x , becauseq q1 2
m* x - m* x . .  .q q1 2
Arguing by induction, we get a sequence of distinct T-periodic trajectories,
where the distinction is given by the augmented Morse indexes see also
.Remark 1.5 , and the proof is complete.
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È5. SCHWARZSCHILD AND REISSNER]NORDSTROM
SPACE-TIMES
In this section, we shall prove that Schwarzschild and Reissner]
Nordstrom space-times satisfy the assumptions of Theorem 1.9. First, theyÈ
are both static Lorentzian manifolds with convex boundary, as proved in
w x  .3 . Moreover, assumption v of Theorem 1.6 is satisfied because they are
homotopically equivalent to the standard sphere S2 in R3, and by a result
w x  . 2of 21 , v is satisfied by S , by choosing F s Q. It remains to prove
 .  .assumptions iii and iv of Theorem 1.6. Since the Schwarzschild space-
time is obtained from the Reissner]Nordstrom space-time by settingÈ
e s 0, we shall restrict our attention to the Reissner]Nordstrom space-È
time. Consider the polar coordinates in R3
x s r sin u cos w
y s r sin u sin w
z s r cos u ,
x w x w x wwith r g 0, q` , u g 0, p , w g 0, 2p . Let a ) 0 and consider the mani-
fold
3 < < 4M s x g R : r s x ) a0
and equip M with the metric0
dr 2
2 2 2 2 2ds s q r sin u dw q du , 5.1 . .
b r .
where b : M ª R is a smooth positive functional. The following lemma0
holds.
 .LEMMA 5.1. Let H be the Hessian of b with respect of 5.1 ; then for allb
 .  .x s r , u , w g M and j s r , q , f g T M ,0 0 0 0 0 0 0 0 0 x 00
2b9 r .0 2w xH x j , j s b0 r q r .  .b 0 0 0 0 02b r .0
q r b r b9 r sin2u f 2 q q 2 . 5.2 .  .  . .0 0 0 0 0 0
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 .   .  .  ..  .Proof. Let g s s r s , u s , w s be a geodesic such that g 0 s x0
 .and g 0 s j ; thenÇ 0
2d
w xH x j , j s b g s . .  . .b 0 0 0 2ds
ss0
 .   ..   ..Set f s s b g s s b r s , we have
f 0 s s b0 r s r 2 s q b9 r s r s . .  .  .  .  . .  .Ç È
 .  .Since g s is a geodesic, r s satisfies the equation
r 2Ç
2 2 2Çr s s b9 r q rb r sin uw q u .  .  .È Ç .2b r .
 w x.  .see 4 . Simple calculations allow us to get 5.2 .
 .Consider now a point x s r , u , w in the Reissner]NordstromÈ0 0 0 0
space-time, and let j g T M be an unitary vector, i.e.,0 x 00
r 20 2 2 2 2q r sin u f q q s 1. 5.3 . .0 0 0 0b r .0
Now, since
m e2
b r s 1 y q , . 2r r
we have
b r ª 1, .0
b9 r ª 0, as r ª q`. 5.4 .  .0 0
b0 r ª 0, .0
 .  .Hence, from 5.2 ] 5.4 , we get
w xlim H x j , j s 0, .b 0
 .d x , x ªq`0
uniformly in j g T M .x 00
 .Finally, we shall prove assumption v of Theorem 1.6. We need to
evaluate the curvature tensor of the Riemannian part of the
Reissner]Nordstrom space-time. Let R ' Rl be the curvature tensor ofÈ i jk
 .  .  w x.5.1 and K s R be the covariant curvature tensor of 5.1 see 17 .i jk l
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The non-null essential components R of K arei jk l
mr y e2
R s y ,1212 2 2r y 2mr q e
sin2u mr y e2 .
R s y , 5.5 .1313 2 2r y 2mr q e
R s 2 sin2u mr y sin2u e2 ,2323
with x s r, x s u , x s w. R can be calculated by using the computer1 2 3 i jk l
 .  .  .program MAPLE V. Let ­ s 1, 0, 0 , ­ s 0, 1, 0 , ­ s 0, 0, 1 be ther u w
basis of tangent vectors for the chart of polar coordinates. Let x s0
 .r , u , w g M . First we evaluate the sectional curvature of the tangent0 0 0 0
 4  :  . plane p generated by ­ , ­ . Denote by ? , ? the metric 5.1 withu w
 .  2 2 .  .b r s 1 y mrr q e rr and by ?, ? the standard metric on the sphere
2  .  .S . By 5.1 and the third equation of 5.5 , we have
2mr y e20
K p s , 5.6 .  .4r0
 : 2  : 2 2because ­ , ­ s r and ­ , ­ s r sin u . Consider now another planeu u 0 w w 0 0
p 9 in T M ; it is generated by ­ and a vector ¨ s a­ q g­ g T S2,x 0 r u w u , w .0 0 0
 .for some a , g g R. Then, by the first and second equations of 5.5 we
have
2 2 2b r mr y e sin u mr y e .  .0 2 2K p 9 s y a y g . 2 2 2 22 2 2 2 r y 2mr q e r y 2mr q er a q g sin u0 0
mr y e20s y , 5.7 .4r0
 :  .  : 2w 2 2 2 xbecause ­ , ­ s 1rb r and ¨ , ¨ s r a q g sin u .r r 0 0 0
 .  .By 5.6 and 5.7 , for r ª q` we have0
K x s sup K p : p ; T M ª 0; .  . 40 x 00
 .hence assumption iii of Theorem 1.6 is satisfied, completing the proof of
Theorem 1.9.
 .Proof of Corollary 1.10. Since the coefficient b r does not have critical
points, the Reissner]Nordstrom and Schwarzschild space-times do notÈ
have trivial trajectories. Since M is homotopically equivalent to the0
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two-dimensional sphere S2, consider
2  4S s q g N H S , R / 0 . . 5q
w xBy the results of 21 , S is infinite.
Let m g N, q , . . . , q , positive integers in S , and let K , i s 1, . . . , m,1 m i
be a compact subset of L1, with K g G . By compactness, there existsi qi
T ) 0, such that
w xsup J K F y1, for any i s 1, . . . , m , « g 0, 1 . .« i
By Theorem 2.4, we get the existence of distinct critical points
 .  .   .. x xx T , . . . , x T , with J x T F y1, i s 1, . . . , m, « g 0, 1 .q , « q , « « q , «1 m i
Finally, arguing as in the proof of Theorem 1.6, we obtain the existence of
 .  .   ..m distinct critical points x T , . . . , x T of J, with J x T F y1, toq q q1 m i
which correspond m distinct timelike T-periodic trajectories.
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